A modeling method is proposed for the vibration characteristics of rectangular plates with cutouts having variable size. Different from the existing modeling method by considering the cutout as an extremely thin part of the plate, the energy principles in conjunction with Rayleigh-Ritz solution technique are employed for the modeling of the structure. Under this theoretical framework, the effect of the cutout is taken into account by subtracting the energies of the cutout domains from the total energies of the whole plate with arbitrary boundary conditions. The displacement of the rectangular plate with nonuniform physic parameters is expressed as the combination of a two-dimensional trigonometric cosine series and supplementary terms introduced to ensure the uniform convergence of the solution over the entire solution domain including the cutouts boundary. The effectiveness and reliability of the eigenmodes of the rectangular plate with cutouts are checked against the results obtained by the finite element method (FEM). The cutout number, position, and size are varied to illustrate the effect of the cutouts on the vibration characteristics of the rectangular plate with cutouts.
Introduction
Rectangular plates with holes are used in many types of mechanical structures to lighten the weight of a structure, to obtain the convenient connection of structures, or to change the resonant frequency of a structure. Thus, knowledge of the vibration characteristics of rectangular plate with cutouts is taking important role in the design of ship structure, aircraft cabin, and mechanical device. As a result of the introduction of cutouts, the solution of vibration characteristics of the plate would become complex.
The position and number for cutouts in the flexible plate have great influence on the vibration characteristics of structure [1] [2] [3] [4] [5] [6] [7] . The rigidity of the flexible plate with cutouts is depended mostly upon the number of cutouts [1, 2] . Avalos et al. [1] have investigated the transverse vibration of rectangular plate with a rectangular cutout. Based on the work, they [2] have also investigated the transverse vibration of the rectangular plate with two cutouts. The positions of the cutouts have some influence on the mode shape of the flexible plate with cutouts. Most previous investigations have been confined to discuss the influence of cutout size and boundary conditions [3] [4] [5] [6] [7] [8] , in which the positions of the cutouts are located in the center of the flexible plate. Takahashi [3] investigated the natural frequencies of rectangular plate with a central circular hole by the Ritz method and bar-solutions. Paramasivam [4] investigated the effect of rectangular cutout size on the fundamental frequencies for different types of boundary conditions by extending the grid framework model. Ali and Atwal [5] predicted the natural frequencies of rectangular plates with various sizes of rectangular cutouts by using the Rayleigh's method. However, the accuracy of mode results decreased with increase in the mode number and also with increase in the size of the cutout. The large amplitude flexural vibration of rectangular plates with rectangular cutouts is investigated by Reddy [6] through using a shear deformable element. The numerical results of orthotropic plates and composite plates demonstrated the effect of cutouts and boundary conditions on the natural frequencies. Lam [7] applied the modified Rayleigh-Ritz 2 Shock and Vibration method to solve the vibration problems of a plate with cutouts and plates with internal nonhomogeneity. In his study, the plate domain is divided into smaller rectangular segments by the openings located centrally.
Various methods [9] [10] [11] [12] have been presented for the vibration of plates with cutouts. The prediction of the corresponding eigenmodes has been studied in the early time. Aksu and Ali [11] have taken use of a two-dimensional finite difference scheme to predict the natural frequencies and modal behavior of plates with rectangular cutouts. In their work, the influence of the cutouts on the natural frequencies and mode shapes has also been considered. Generally, the effect of the hole is taken into account by subtracting the energies of the hole domain from the total energies of the whole plate. In doing so, the integrals of the functions consisting of the admissible functions based on the plate domain over hole domain would lead to complex numerical computations. To resolve the solution problem of the plate with a rectangular hole or a circular hole, Kwak and Han [12] proposed a kind of new method called Independent Coordinate Coupling Method (ICCM), in which the energies corresponding to the rectangular plate domain and the hole domain were derived independently and the two independent coordinates were coupled by imposing kinematic relations. The Rayleigh-Ritz method [13] [14] [15] [16] [17] [18] is one of the most popular methods used in the free vibration analysis of individual plates. Mundkur [13] proposed an approximate method for the vibration of square plates with square cutouts, which is based on boundary characteristic orthogonal polynomial functions in the Rayleigh-Ritz method. The double Fourier series and Rayleigh-Ritz method were used by Laura [15] to determine the fundamental frequency for the rectangular plate with a hole, in which the rectangular plate with a hole is considered as a nonhomogeneous structure. In the above methods proposed, the plates with cutouts are usually treated as a kind of plates with nonuniform thickness. Huang and Sakiyama [17] adopted discrete Green function to analyze the free vibration of rectangular plates with an arbitrarily located hole of different shapes.
The investigations on the influence of opening positions are mostly concerned on the cutouts located in the center of the flexible plate. Due to the limitation of calculation difficulty, the cutout number investigated is relatively less. In the existed methods, the cutouts in the plate are usually considered structures with zero thickness. In order to really consider the physical characteristics of cutouts, the influence of cutout number and position on the vibration characteristic of the plate would be considered from the aspect of energy. In this paper, the use of energy principles in conjunction with Rayleigh-Ritz solution technique is developed as a method for the determination of vibration characteristics of rectangular plates with cutouts. The effect of the cutout with arbitrary boundary conditions is taken into account by subtracting the energies of the cutout domains from the total energies of the whole plate. The improved twodimensional Fourier series is introduced to represent the displacement of the plate with nonuniform characteristic parameters. The energy function of the whole structure is minimized with respect to the unknown Fourier coefficients and the eigenmodes are obtained from the solution of a linear eigenvalue problem. Natural frequencies and corresponding mode shapes of rectangular plates with cutouts have been predicted and numerically verified. The number, position, and size for the cutouts considered in this paper are variable. The influence of the boundary conditions, the cutout number, and the cutout position would be investigated in numerical results.
Theoretical Formulations
The flexible plate with cutouts shown in Figure 1 has general boundary conditions, which are simulated by assigning the translational and rotational restraining springs with proper stiffness constants. The length and width of the flexible plate with cutouts are, respectively, and . The number and position of the cutouts in the flexible plate are variable. The dimensions of the cutouts are the same, whose length and width are ( − ) and ( − ), respectively. Here denotes the sequence of cutouts in the plate. The modal characteristics for the plate with cutouts are different from ones for the complete rectangular plate.
Both the governing equations and boundary conditions for the flexible plate with cutouts are, respectively, given as follows [19] :
= (
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where and are, respectively, the bending stiffness and the Poisson's ratio; and ℎ are, respectively, the mass density and thickness of the flexible panel; 0 , , 0 , , , ,
, and denote the edge stiffness of the translational restraining springs; 0 , , 0 , , , ,
, and denote the edge stiffness of the rotational restraining springs. The boundary conditions can be represented by both the translational and rotational springs along each edge and all classical homogeneous boundary conditions can be easily derived by simply setting each of the spring stiffness to be an extremely large or small number. The displacement expression ( , ) in the above equations is given as [19] 
where = / , = / , and
According to the expressions of admissible displacement functions given above, the first derivation of the admissible displacement could be derived as follows:
(12d)
The third derivation of admissible displacement could be obtained from the first derivations:
The characteristic for admissible functions at = 0 and = could be obtained from the expressions of admissible functions, which is If the dynamic characteristic of flexible plate with cutouts is obtained from the above governing equations and boundary conditions, the solution process would become more and more complex due to the increase of cutout number. In this paper, the energy principle is adopted to carry out the modal analysis of flexible plate with cutouts, which is equivalent to the solution obtained from the method given above.
The energy of the flexible plate with cutouts could be obtained by deleting the energy of the flexible plate occupying the cutout from the energy for the flexible plate without cutouts. The boundary conditions of the cutouts are depended on the location of the cutouts. If the cutout is in the flexible plate, the boundary conditions for the cutout are free. If the edge of cutout is laid on the edge of flexible plate, the boundary conditions for the edge of the cutout are the same with those for the edge of the flexible plate. Thus, the Lagrange function for the flexible plate with cutouts is given as
where and denote the potential and kinetic energy of flexible plate without cutouts, respectively; and denote the potential and kinetic energy of the flexible plate occupying the th cutout, respectively.
The strain and kinetic energy of the transverse vibration of flexible plate without cutouts can be obtained as [19] 
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The strain and kinetic energy stored in the flexible plate occupying the th cutout are expressed as
By substituting (16) and (17) into (15) and applying the Rayleigh-Ritz procedure against each of the unknown Fourier series coefficients, the linear system in the matrix form may be described as
where
where and are stiffness and mass matrices of the flexible plate without cutouts, respectively; and M are stiffness and mass matrices of the flexible plate occupying the th cutout, respectively. The expressions of these matrices are given in the Appendix. For numerical calculations, all the Fourier series are truncated to = , = . The accuracy of the calculation results can be improved by the increase of the Fourier truncated series. The coefficient vectors can be obtained by solving (18) . Knowing the expansion coefficients , the displacement of the flexible panel with cutouts can be easily obtained from (10) . The transient analysis of the mathematical model could also be calculated by revising the zero vector on the right of (18) into the loading vector.
Results and Discussions

Convergence and Validation.
The convergence study of the present method is conducted with a flexible plate with one cutout for different boundary conditions. The length ( ), width ( ), and thickness (ℎ) for the flexible plate with cutouts are = = 2 m and ℎ = 0.003 m, respectively. In the analytical investigation, Young's modulus, Poisson's ratio, and mass density are assumed to be = 216 GPa, V = 0.3, and = 7900 kg/m 3 , respectively. The first six natural frequencies of square plate with a square opening for different boundary conditions are listed in Table 1 , in which the size and original point of the square cutout are, respectively, 1.1 m × 1.1 m and (0.4 m, 0.4 m). The alphabet C in the table refers to the clamped edge, S refers to the simply supported edge, and F means that the edge is free. As shown in Table 1 2 m, 1 m) , respectively. Different from the above convergence study, the six cutouts with the length = 0.3 m and the width = 0.5 m are rectangular holes. The Fourier series is truncated to = = 15 in this analysis. The element type and size in the simulation study are the same as the ones in the convergence study. It can be seen that the comparison between theoretical and simulation results in Table 2 and Figure 2 shows good agreement, and the difference between two results in Table 2 is less than 3.3% for the worst case. The small differences may be caused by the division of element mesh in the numerical simulation. Compared with finite element method, mathematical model proposed in the current paper could investigate the vibration characteristics of the flexible plate in a simple and flexible way. It can be concluded from the validation that the present method is able to accurately predict the natural frequencies of flexible plate with multiple cutouts.
The Effect of Boundary Conditions and Cutouts.
In this section, the influence of structural parameters on the free vibration characteristics is investigated through boundary conditions, cutout size, cutout position, and cutout number. The size and related physical conditions for the flexible plate considered here are kept the same with ones given in Section 3.1.
For the present method, the general boundary conditions of the flexible plate can be achieved by setting groups of boundary springs and assigning corresponding stiffness constants to the springs. The first six natural frequencies of the flexible plate with one free cutout for different boundary restrained stiffness are given in Figure 3 . The size and origin of the cutout are, respectively, 1 m × 1 m and (0.5 m, 0.5 m). As shown in Figure 3 , the first six natural frequencies increase with the increase of the translational and rotational restraining stiffness, and the effect of the translational restraining stiffness is more remarkable. It is not difficult to find in Figure 3 (a) that the natural frequencies for the lower modes are almost liner with the translational restraining stiffness between 1 2 and 1 6, and the natural frequencies are more influenced by the translational spring stiffness.
In the cutout size study, the centers of the selected square cutouts are located at (1 m, 1 m) . The first six natural frequencies of the clamped plate with one cutout for different square opening sizes are listed in Table 3 , in which the size of the square cutout varied from 0 × 0 to /2 × /2. For the cutout with 0 × 0 size, the clamped flexible plate is complete and has no holes. For the other cases in Table 3 , the cutout in the clamped plate is square and has free boundary conditions. Simulation results for some cases are also presented to verify the effectiveness of the present method. As shown in Table 3 , the cutout size significantly affects the natural frequencies, whose values are increased with the increase of cutout size. The influence trend of the cutout size on the natural frequencies is due to the decrease of the structure quality.
For a specific cutout size, the dynamic characteristic for the flexible plate is mostly determined by the cutout position. The natural frequencies and mode shapes for the clamped plate having one cutout with 1 m × 1 m size are shown in Table 4 and Figures 4-6 Table 4 indicate the natural frequencies obtained from ANSYS and [18] , respectively. Compared with the results from [18] , the natural frequencies obtained from the present method compare better with ones obtained from ANSYS. The phenomenon could be observed in Table 4 that the natural frequencies are more sensitive to the cutout positions. As shown in Figures 4-6 , the mode shapes are determined by the cutout positions. It can be concluded through the phenomenon in Table 4 and Figures  4-6 that the natural frequency and mode shapes for the first six modes are heavily influenced by the cutout positions.
To widely investigate the influence of the cutouts positions, the first six natural frequencies and correspondingly the mode shapes of the clamped plate having double free cutouts are given in Table 5 and Figures 7-9 (0 m, 1.5 m) and (1.5 m, 1,5 m), respectively. The superscript a in Table 5 indicates the natural frequencies obtained from ANSYS. As shown in Table 5 , the effectiveness of the first six natural frequencies has been validated through the good comparison with the results from ANSYS. It is apparent that the first six natural frequencies and mode shapes for the clamped plate with double cutouts are influenced by the double cutout positions. As the cutout size for this case is smaller, the influence of the double cutout positions is less than that for the case considered above. The cutout number is an important influence factor for the eignmodes of the flexible plate with cutouts. To clarify the influence rule, the first six natural frequencies and mode shapes for different cutout number are given in Table 6 and Table 6 is that the natural frequencies decrease with the increase of cutout number. There is an interesting phenomenon in Figure 10 that the second to fifth mode shapes of the plate with one cutout are in turn similar to the third to sixth mode shapes of the plate with two cutouts. This interesting phenomenon is also appeared between the plate with two cutouts and the plate with three cutouts. Thus, the judgement could be formed from the discussion above that the plate stiffness is influenced by the cutout number.
Conclusion
This study has clearly demonstrated the possibility of using the energy principles in conjunction with Rayleigh-Ritz solution technique for computing the natural frequencies and modal behavior of plates with rectangular cutouts. The effect of the cutout is taken into account by subtracting the energies of the cutout domains from the total energies of the whole plate with arbitrary boundary conditions. Because the potential energy contributed from the openings boundary has been well-considered, the modeling method proposed in this paper is applicable to the rectangular plate with cutouts having arbitrary boundary conditions including cutouts boundary. Although the rectangular plate is divided into several parts by cutouts, the displacement of the rectangular plate with nonuniform physic parameters is expressed as a unifying expression consisting of a twodimensional trigonometric cosine series and supplementary functions. The energy function of the whole structure is minimized with respect to the unknown Fourier coefficients and the eigenmodes are obtained from the solution of a linear eigenvalue problem. The effectiveness and reliableness of the modeling method are verified through the example of the eigenmodes of the flexible plate with six cutouts. Both the number and position of the openings are variable in the modeling in comparison to other mathematical models. The accuracy of the calculation results of the proposed mathematical model can be improved by the increase of the Fourier truncated series.
The investigation results for different boundary conditions show that the mode frequencies are more influenced by the translational spring stiffness. The influence of the cutout size is mainly reflected on the fundamental frequencies that are increased with the increase of cutout size. The cutout positions have considerable influence on the eigenmodes of the rectangular plate with cutouts, especially for the fundamental frequencies. The study of the cutout number shows that the stiffness of the structure depends on the number of cutouts. We could obtain the submatrices K 1-3; , +1 , K 1-4; , +1 , K 1-5; , +1 and K 1-3; , +1 , K 1-4; , +1 , K 1-5; , +1 by replacing the subscript 1 in the -functions in (A.4) and (A.5) with 2, 3, and 4, respectively. We could obtain the submatrices K 1-7; , +1 , K 1-8; , +1 , K 1-9; , +1 and K 1-7; , +1 , K 1-8; , +1 , K 1-9; , +1 by replacing the subscript 1 in the -functions in (A.6) and (A.7) with 2, 3, and 4, respectively. The submatrices M 1-7; , +1 , M 1-8; , +1 , M 1-9; , +1 and M 1-7; , +1 , M 1-8; , +1 , M 1-9; , +1 could be obtained by replacing the subscript 1 in the -functions in (A.12) and (A.13) with 2, 3, and 4, respectively.
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